Abstract This paper deals with continuous contact force models applied to the human-inthe-loop simulation of multibody systems, while the results are valid in general to all the real-time applications with contacts. The contact model proposed in this work is suited to collisions between massive solids for which the assumption of quasi-static contact holds, and it can be supposed that the deformation is limited to a small region of the colliding bodies while the remainder of them are assumed to be rigid. The model consists of two components: normal compliance with nonlinear viscoelastic model based on the Hertz law, and tangential friction force based on Coulomb's law including sticktion and a viscous friction component. Furthermore, the model takes into account the geometry and the material of the colliding bodies. The tangential model is a novel contribution while the normal model is completely taken from previous works. For this work, the formulation of the equations of motion is an augmented Lagrangian with projections of velocities and accelerations onto their constraints manifolds and implicit integrator. The whole solution proposed is tested in three applications: the first one is the simulation of a spring-mass system with Coulomb's friction, which is an academic problem with known analytical solution; the second one is the Bowden and Leben stick-slip experiment; the third one is a simulator of a hydraulic excavator Liebherr A924, which is a realistic application that gives an idea of the capabilities of the method proposed.
Introduction
The treatment of contact forces is a key issue in many applications involving multibody systems with eventual impacts or permanent contacts between bodies. If the application to address includes also human-in-the-loop, this treatment has to be even more careful because the real-time requirements impose firm constraints on the integration time-step and, additionally, on the number of iterations if implicit integration is used. In addition to the efficiency considerations, the simulation has to be stable and robust enough along all the range of possible operations of the system, as well as reproduce the behavior of the real system with an acceptable precision.
To solve the impact problem in multibody systems composed of rigid bodies, the methods can be divided into two families [1] [2] [3] : the discontinuous and the continuous approaches. The rigid body assumption made here means that the bodies are supposed to be hard and only very small local deformations are required to generate very large contact pressures [4] . The discontinuous approaches assume that the impact occurs instantaneously and changes the momenta balances of the system instantaneously, see e.g. [5, 6] . In [7] the impact is considered also discontinuous, but a fast time scale, which considers the duration of the contact and the flexibility of the colliding bodies, is used to compute the coefficient of restitution to feed back the multibody system equations. On the other hand, the continuous approaches are based on regularized-force models that relate the force and deformation of the bodies in collision [1, 8] , or based on unilateral constraints techniques that avoid the penetration between bodies [9] [10] [11] [12] . In applications in which permanent contacts or at least contacts of a significant duration are expected to occur, continuous methods are needed. The continuous methods based on regularized forces include a number of viscoelastic and viscoplastic models (see e.g. [3, 13, 14, 25] ).
Between the large number of existent formulations of the equations of motion (see e.g. [15] ), the penalty and augmented Lagrangian formulations [17, 18] are characterized by transforming the constraints into forces proportional to the constraints violation. This technique, used along this work, is similar and compatible to that of the continuous-force models for normal contact, which relate the force and deformation of the bodies in contact to avoid the penetration between them.
It is worth to mention that, up to these days, no universally accepted model has been developed for the friction force between bodies under dry conditions. The Coulomb's friction law is the most simple model but has the problem that, when used along with continuous normal force models, the gradient of the force at null tangential velocity is infinite. This fact is unacceptable from the numerical point of view, since the motion has to be solved in discrete time-steps and it is not possible to deal with an infinite gradient at null velocity in these conditions (see e.g. [19] ). The solution is to avoid the discontinuity of the Coulomb's model while maintaining the physical characteristics of the friction phenomenon important for the considered application [3] . For this paper a tangential friction model was developed to deal with the applications tackled; the model includes Coulomb's friction, sticktion at low velocities and a viscous friction term. Including the sticktion is indispensable for applications like the excavator simulator presented in this paper, since the excavator works on its legs and blade, for example, on slopes.
Related to the contact models, there are two difficult problems to address in real-time applications, especially when using constant integration time-step, which is the case here. The first one is the fact that the contact takes place in a limited, and sometimes very reduced, number of time steps, so that the algorithm has to be robust enough to overcome hard impacts; the second one was mentioned before and is related to the stability of the friction forces at low velocities and the transition between slipping and sticking.
